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ABSTRACT
Linking the properties of galaxies to the assembly history of their dark matter haloes is
a central aim of galaxy evolution theory. This paper introduces a dimensionless param-
eter s ∈ [0, 1], the ‘tree entropy’, to parametrise the geometry of a halo’s entire mass
assembly hierarchy, building on a generalisation of Shannon’s information entropy. By
construction, the minimum entropy (s = 0) corresponds to smoothly assembled haloes
without any mergers. In contrast, the highest entropy (s = 1) represents haloes grown
purely by equal-mass binary mergers. Using simulated merger trees extracted from the
cosmological N -body simulation SURFS, we compute the natural distribution of s, a
skewed bell curve peaking near s = 0.4. This distribution exhibits weak dependences
on halo mass M and redshift z, which can be reduced to a single dependence on the
relative peak height δc/σ(M, z) in the matter perturbation field. By exploring the
correlations between s and global galaxy properties generated by the SHARK semi-
analytic model, we find that s contains a significant amount of information on the
morphology of galaxies – in fact more information than the spin, concentration and
assembly time of the halo. Therefore, the tree entropy provides an information-rich
link between galaxies and their dark matter haloes.
Key words: cosmology: large-scale structure of Universe – galaxies: evolution.
1 INTRODUCTION
Progress in observational and theoretical astrophysics over
the last few decades has solidified the concept that galax-
ies form in the gravitational potential wells of dark matter
haloes (White & Rees 1978). In the standard Cold Dark
Matter (CDM) model, these haloes form bottom-up (Peebles
1965) through a hierarchical coalescence of progenitors into
more massive descendants, as well as through the accretion
of diffuse matter. These processes, known as mergers and
smooth accretion, respectively, are responsible for roughly
2/3 and 1/3, respectively, of the mass growth at any halo
mass (Genel et al. 2010; Wang et al. 2011).
In the CDM framework of structure formation, the stel-
lar content of galaxies grows via two processes: internally by
gas cooling and star formation in the host halo; and exter-
nally by accretion of other galaxies (Guo & White 2008;
Zolotov et al. 2009; Oser et al. 2010; Pillepich et al. 2015).
The balance between these two processes affects a number of
key observables, such as the morphology (Kormendy et al.
2009), the amount of kinematic support (Lagos et al. 2018a)
and the structure of the stellar halo (Helmi et al. 2018). Since
the coalescence of galaxies is normally triggered by an earlier
merger of their haloes, the hierarchical assembly of haloes is
pivotal to understanding the evolution of galaxies (Toomre
& Toomre 1972; White & Frenk 1991; Conselice 2014).
The rich assembly history of haloes not only dictates
the hierarchical growth of galaxies, but it also largely deter-
mines the internal structure of the haloes themselves. It is
widely accepted that the rich quasi-fractal substructure seen
in simulated CDM haloes (Springel et al. 2008a) is a biased
sub-sample of the progenitor hierarchy (e.g., Moore et al.
1999; Klypin et al. 1999). Further, there is good evidence
that the approximately universal density profile of haloes,
the ‘NFW profile’ (Navarro et al. 1996), is itself a conse-
quence of their universal mass accretion histories (Ludlow
et al. 2013; but see Pontzen & Governato 2013 for a differ-
ent view). At very least, there is growing evidence that the
internal structure of haloes is largely determined by their
assembly history (e.g., Navarro et al. 1997; Bullock et al.
2001; Wechsler et al. 2002; Zhao et al. 2009; Correa et al.
2015a) and retains a memory of the primordial fragments
(Gao et al. 2008; Ludlow et al. 2016).
In studying the bottom-up mass assembly of haloes, it
useful to represent this history by abstract trees, known as
merger trees, where the branches denote haloes that join
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hierarchically (Roukema & Yoshii 1993). In mathematics,
trees are defined as graphs in which any two vertices are
connected by exactly one path (Mesbahi & Egerstedt 2010).
Halo merger trees are a subclass of such trees, called rooted
directional in-trees, where all edges (branches) are directed
towards a single root vertex. The direction represents the
direction of time and the root represents the final halo. Fol-
lowing this definition, halo histories approximated by merger
trees cannot contain disjoint branches or haloes that split up
as time progresses (but generalisations exist).
It is useful to ascribe a mass to each branch in a merger
tree, reflecting the physical mass of the halo this branch
represents. Graphically, the mass can be visualised by the
thickness of the branches (e.g., Fig. 6 in Lacey & Cole 1993).
Halo merger trees then look like real trees, in that they follow
Leonardo da Vinci’s rule (Richter 1970) whereby the mass
(or cross-sectional area of real trees) remains conserved at
the vertices. Smooth accretion (or merger events that lie
below the resolution limit of a simulation) can be accom-
modated in this representation by allowing the branches to
continually increase their mass between mergers. Similarly,
it is also possible to account for the potential stripping/e-
vaporation of mass (negative accretion) by decreasing the
mass along individual branches.
Despite their importance for galactic evolution, only a
few attempts have been made to quantify merger histories
(e.g., Forero-Romero 2009). It is common to resort to, e.g.,
the progenitor mass function (PMF; Bond et al. 1991) and
the main branch mass assembly history (MAH; e.g., Li et al.
2007; Correa et al. 2015b). However, these measures discard
the chronological ordering of mergers (in the case of the
PMF) and all but the main branch in a tree (in the case of
the MAH). Moreoever, these measures are themselves com-
plicated mathematical functions, whose statistical compari-
son is not straightforward.
The current struggle to quantify merger trees contrasts
with the widespread use of classification schemes for single
merger events. It is common to label mergers by the number
n of coalescing haloes, distinguishing between binary merg-
ers (n = 2) and multi-mergers (n > 2). For binary mergers,
the mass ratio r ≡ m/M ∈ (0, 1] is often used to measure the
significance of the merger (Fakhouri et al. 2010) and divide
between minor (normally r < 1/3) and major (r ≥ 1/3)
mergers; sometimes the dividing threshold is set to 1/10
(Genel et al. 2010). In the case of galaxy-galaxy mergers, it
is further common to specify the types (e.g., Dubinski et al.
1996; Springel & Hernquist 2005), structure and gas fraction
(e.g., wet versus dry mergers) of the objects involved.
The goal of this paper is to propose and analyse a pa-
rameter s ∈ [0, 1], the tree entropy, that extends the mass
ratio r of single binary mergers to entire trees (and sub-
trees thereof), also allowing for multi-mergers and smooth
mass changes between merger events. The r-value of single
binary mergers has two extrema: r → 0 is the limit of a mi-
nor merger with a vanishing minor mass (m → 0), whereas
r = 1 denotes a major merger of identical masses (m = M).
By analogy, we will define the s-value such that s = 0
corresponds to trees without mergers, grown exclusively by
smooth accretion, whereas s = 1 denotes trees grown exclu-
sively by an infinite hierarchy of equal-mass binary mergers.
These two types of trees will thus be called minimal and
maximal merger trees, respectively. Structurally, these two
Figure 1. Natural trees that are structurally similar to two ex-
treme types of merger trees. The Norfolk pine (Araucaria hetero-
phylla, left) resembles ‘minimal’ merger trees with no significant
mergers in their history; the White Frangipani (Plumeria obtusa,
right) is similar to ‘maximal’ merger trees made exclusively of
equal-mass binary mergers. By definition, these trees have mini-
mal (s = 0) and maximal (s = 1) tree entropy, respectively.
types of trees are analogous to the real trees depicted in Fig-
ure 1. Another biological analogy of minimal versus maxi-
mal merger trees is the inheritance of mitochondrial versus
nuclear DNA. The former is passed on exclusively by the
mothers, whereas the latter is subject to Mendelian inheri-
tance (50 percent maternal, 50 percent paternal)1.
As we shall see, the convention of s for minimal and
maximal trees, combined with a list of physical require-
ments, allows us to propose a heuristic definition for s, in-
spired by Shannon’s information entropy. We will show that
this definition of s carries new information about the haloes,
not yet contained in other standard parameters. Further-
more, s also holds a significant amount of information on
the physical properties of the galaxies in the haloes, at least
within the physics hardwired in semi-analytic models.
Section 2 motivates and formally introduces the tree en-
tropy s. The most important properties of s are discussed
and visualised using mock trees in Section 3. In Section 4, we
determine the tree entropies in a pure CDM universe, using
the SURFS N -body simulation suite. Using these simulated
data, we analyse the statistics of s, its cosmic evolution and
its relation to other halo properties. Section 5 focuses on the
question of how the global properties of galaxies depend on
the tree entropy of their host haloes. This discussion includes
an information analysis that compares the information con-
tent of s and other halo properties relative to the Hubble
morphology. Section 6 summarises the paper with an out-
look to future applications.
2 THE ‘ENTROPY’ OF MERGER TREES
The aim of this section is to introduce a parameter s quan-
tifying the complexity of rooted directional trees, such as
1 Anecdote: An impetus for publishing this work came from the
question, whether the histories of galaxies resemble rather mito-
chondrial or nuclear DNA, asked by Paul Schechter at the confer-
ence on ‘The Physics of Galaxy Scaling Relations and the Nature
of Dark Matter’ (Queen’s University, July 2018).
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halo merger trees. We first clarify the definition of such
merger trees (Section 2.1) and then explain the guiding prin-
ciples for constructing the parameter s (Section 2.2), before
formally defining this parameter (Section 2.3). The result-
focused reader may skip Sections 2.1 and 2.2.
2.1 Types of tree representations
It is important to distinguish between ‘haloes’ and ‘sub-
haloes’ and their associated ‘halo merger trees’ and ‘subhalo
merger trees’, illustrated in Figure 2.
Halo merger trees represent the assembly history of
first generation haloes, i.e. gravitationally bound structures,
which are not themselves substructures of larger bound sys-
tems. All the self-bound substructure that exists within such
haloes is considered a part of the haloes. When two haloes
become gravitationally bound to each other they are merged
into a single new halo, irrespective of whether one of them
temporarily becomes a self-bound substructure within the
other. In numerical simulations, haloes are normally identi-
fied using a basic friends-of-friends (FOF) algorithm (Davis
et al. 1985) or derivatives thereof.
By contrast, subhaloes refer to self-bound lumps of mat-
ter, irrespective of whether they are a sub-system of a larger
bound system. Self-bound substructures within a subhalo
are considered different subhaloes. There can be multiple
generations of subhaloes within subhaloes. In this terminol-
ogy, the ‘haloes’ (in the above sense) without their substruc-
ture are called ‘central’ subhaloes (also known as ‘main’,
‘first generation’ and ‘background’ subhaloes), whereas their
self-bound substructures are called ‘satellite’ subhaloes. A
plethora of algorithms exist to identify subhaloes in numer-
ical simulations (see overview by Onions et al. 2012). They
usually combine three-dimensional position-based FOF (e.g.
Springel et al. 2008b) or six-dimensional phase space-based
FOF (e.g. Elahi et al. 2019a) and unbinding techniques with
a hierarchical algorithm to identify substructure.
Dark matter simulations can be used to construct
merger trees by linking the haloes and subhaloes identi-
fied at different output times (‘snapshots’). Tree-building
algorithms (see overview in Srisawat et al. 2013) normally
enforce a strict hierarchy with exactly one descendant for
each halo/subhalo. In subhalo representations, satellites are
normally (but not always, e.g., Jiang et al. 2014) forced to
remain within a fixed central. Enforcing a strict tree and
subtree structure is inherently an approximation, since real
haloes/subhaloes occasionally split up and/or transition to
another tree/branch (e.g., the black satellite depicted in Fig-
ure 2). However, in reality, only a small fraction (∼ 5 per-
cent for the SUFRS simulation discussed in Section 4) of the
haloes and subhaloes show such anomalous behaviour. Most
tree-builders also demand that each halo/subhalo has a de-
scendant in the immediate next snapshot, which sometimes
requires interpolating across a few snapshots, e.g., when a
satellite is hard to distinguish from its central subhalo (e.g.,
black satellite in the second snapshot of Figure 2).
Halo merger trees are frequently used in studying the as-
sembly hierarchy of haloes and the evolution of the halo mass
function. Examples include the seminal extended Press-
Schechter (EPS) formalism (Bond et al. 1991), as well as
halo growth studies using statistically generated ‘Monte
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Figure 2. Different representations of the cosmic evolution of
three haloes over eight time-snapshots (top to bottom). As shown
on the left, the smallest halo (black) passes through the largest
one (blue), then briefly escapes into the nearby intermediate halo
(red), before fully merging with the largest one. By construction,
the halo tree representation (right) merges structures at their
first encounter and does not allow the small halo to escape again.
The subhalo representation keeps track of substructure (dashed
circles), but most subhalo tree algorithms force substructure to
remain linked to a fixed central (horizontal dashed lines).
Carlo’ merger trees and N -body simulation-based merger
trees (see Jiang & van den Bosch 2014 for an overview).
Subhalo trees are less adequate to study the hierarchical
assembly of haloes, because two coalescing lumps normally
first become a central and a satellite. By the time these two
subhaloes actually merge into a single subhalo, the satellite
may have mostly evaporated into the central and therefore
the mass ratio of the merger is strongly dependent on how
long satellites are tracked before they merge. In turn, sub-
halo trees are better suited than halo trees for galaxy evo-
lution studies, in particular for semi-analytic models (e.g.,
Benson 2012; Lacey et al. 2016; Croton et al. 2016; La-
gos et al. 2018b), which benefit from tracking the haloes
of galaxies that fall into a larger halo (e.g., a group halo).
Since this work focuses on mass assembly, we will adopt
halo trees rather than subhalo trees. In the halo tree repre-
sentation, satellite subhaloes (dashed circles in Figure 2) are
lost. In order to study the mass assembly history of satel-
lites themselves, it is possible to construct ‘halo trees’ at the
generation of the satellite. For example, the ‘halo tree’ of a
second generation subhalo (i.e., a satellite, whose immediate
host is a central), is a progenitor tree made only of second
generation subhaloes, where all higher generation substruc-
ture is considered part of the second generation subhaloes.
MNRAS 000, 000–000 (0000)
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This definition is analogous to the standard definition of
‘halo trees’ for first generation haloes shown in Figure 2.
2.2 Search for a new parameter
Let us now turn to the task of introducing a parameter s(t)
quantifying the complexity of the mass assembly tree of a
halo at a given time t. By choice, this parameter should only
depend on the geometry of the tree, i.e., the descendant-
links and progenitor masses, akin to structural parameters
in graph theory (Balakrishnan & Ranganathan 2012). We
deliberately discard any other information, such as time
scales, impact factors, angular momentum, tidal dynamics,
etc. This will allow us to compare the information contained
in the tree geometry to that of more common quantities,
such as the mass, spin and concentration (Section 4).
In the broadest sense, we would like s to quantify the
complexity of the mass assembly hierarchy in a physically
‘meaningful’ sense. By this we understand that s should
carry statistical information on the halo’s history and on
the galaxy/galaxies that reside inside the halo. For instance,
we can think of global morpho-kinematic galaxy properties
(e.g., the bulge-to-disk stellar mass ratio and the related
random-to-ordered stellar velocity ratio), which are already
known to depend significantly on merger history (see refs. in
Section 1). Expressing this idea in explicit terms is, of course,
a challenging affair, which requires a mixture of heuristics
and prior knowledge of the galaxy-halo connection.
In view of the approximate scale-invariance of cosmic
structure (Blumenthal et al. 1984; Davis et al. 1985), it
makes sense to define s independently of the overall mass
scale. In other words, we require s to be invariant under a
uniform rescaling of all the progenitor masses of a halo. Since
s then only depends on the dimensionless descendant-links
and relative progenitor masses, s must itself be a dimension-
less parameter. Without loss of generality, we can restrict s
to the interval [0, 1] and request that the two extrema should
correspond to haloes that have been the least (s = 0) and
most (s = 1) strongly reshaped by mergers, respectively. In
this way, s will become a natural extension of the mass ratio
r = m/M ∈ [0, 1] of a single binary halo-halo merger.
2.2.1 Self-similar trees
In formalising a definition of the parameter s(t), self-similar
merger trees without smooth accretion turn out to be a fruit-
ful starting point. Self-similar trees are hypothetical trees,
in which every halo has the same assembly history up to
an overall mass scaling (Figure 3). Our requirement that
s should not depend on the overall mass scale then im-
plies that each halo must have the same value of s. Thus,
self-similar trees reduce the problem of defining a time-
dependent tree parameter s(t) to the simpler task of defin-
ing a single time-independent parameter s for the entire
tree. This parameter can only depend on the mass frac-
tions xi ≡ (mi/∑ni=1 mi) of the n progenitors joining at
each node; and a physically meaningful definition should be
independent of the mass ordering.
The problem of quantifying the geometry of a self-
similar tree thus reduces to assigning a number s to the un-
ordered set {xi}, where ∑xi = 1. To address this problem,
Figure 3. Illustration of a self-similar tree made of 4th order
multi-mergers of fixed mass ratio 5:1:3:2. By scale-invariance, the
tree parameter s must take the same value anywhere in this tree.
we use the prior knowledge that major mergers (i.e. with
comparable values of xi) have much stronger ramifications
than minor ones in terms of restructuring the dark mat-
ter (Ludlow et al. 2012; Klypin et al. 2016) and transform-
ing the dynamics and kinematics of galaxies (e.g. Conselice
2014; Lagos et al. 2018a). Translated to our problem, this
means that more similar values {xi} should lead to higher
values of s than more diverse sets. In this qualitative sense,
the problem of defining s is reminiscent of quantifying the
information of a probability set {xi}. This information (i.e.,
the number of bits required to encode events that occur
with probabilities {xi}), is given by Shannon’s information
entropy H = −∑xi lnxi (with 0 ln 0 = 0; Shannon 1948).
The information entropy H is maximal if all values xi
are identical and minimal (H = 0), if all values of xi ex-
cept one vanish (which corresponds to a halo ‘merging’ with
zero-mass haloes, i.e., no merger at all). While these are
desirable properties for our complexity measure, H has the
unfavourable property of diverging as n→∞. This not only
violates our requirement for s to remain bound to [0, 1], but
also works against the physical insight that a halo grown
from an instantaneous merger of n→∞ progenitors is sim-
ply a smoothly collapsed halo, which should thus have as low
of a complexity as a minimal tree (n = 1). This requirement
could be met by using the normalised information entropy
H/n (Anatole 2007), which vanishes both for n = 1 and
n → ∞. However, in the present context, such a normal-
isation is not useful, since adding branches with vanishing
mass (xi ≈ 0) to a merger would increase n, but would have
no physical effect on the halo. Thus s must not explicitly
depend on n in this case. A clever way of bypassing the use
of n is to raise the normalised masses xi to the power of a
constant α > 1 in the definition of H. This gives rise to a
generalised information entropy,
H = −f
n∑
i=1
xαi lnxi, (1)
where the normalisation factor f = (α − 1)e (with Euler’s
constant e) ensures that H spans the interval [0, 1]. For any
finite α > 1, H vanishes for mergers of n = 1 and n → ∞
haloes (with non-zero masses); and adding empty branches
(xi = 0) has no effect on H. Similar generalisations of the
MNRAS 000, 000–000 (0000)
Structure of Merger Trees 5
Shannon entropy (e.g., Mathai & Haubold 2007) have been
proposed and successfully applied in other fields, for instance
in defining income equality metrics in econometry (Cowell
1980; Shorrocks 1980).
Since H has the properties that we would expect from
an astrophysically motivated complexity measure of self-
similar merger trees, we heuristically define that the param-
eter s of a self-similar tree is identical to its generalised in-
formation entropy H. By virtue of this definition, s is called
the tree entropy for the remainder of this paper.
Equation (1) requires a choice for α > 1. To understand
the role of α, it helps to consider a self-similar tree of equal-
mass mergers, i.e., the n merging branches each have iden-
tical mass fractions xi = n
−1. It is straightforward to show
(Appendix A1) that H(n) vanishes for n = 1 and n = ∞
and presents a single maximum (H = 1) at nc = e
1/(α−1).
In this work, we choose nc = 2, giving α = 1 + 1/ ln 2 ≈
2.442695 and f = e/ ln 2 ≈ 3.921652. This choice follows
from our original guideline (Section 1) that maximal merger
trees, made of an infinite regression of equal-mass binary
(n = 2) mergers, have maximum tree entropy (s = 1). Phys-
ically, this choice can be motivated by the fact that multi-
mergers (n > 2) are likely to arise from a coherent assembly,
i.e., a correlated inflow of haloes on a time scale smaller than
a single merger event. Such coherent assembly is expected
to result in more ordered structure (e.g., in terms of halo
and galaxy spin) than a major binary merger. For instance,
simulations of a merger of six equal-mass spiral galaxies in
a group (Weil & Hernquist 1996) found that such mergers
tend to produce remnants with more rotation than typically
seen in dry binary mergers (e.g., Cox et al. 2006). Hence,
with respect to the galaxy kinematics, equal-mass binary
mergers are more transformational than multi-mergers.
The optimal choice of nc, in the sense of maximising the
information pertaining to a particular halo or galaxy prop-
erty, may depend on the context. Choosing nc = 2 is a prag-
matic way to fix the ideas, but alternatives will be discussed
in Section 5.4. Incidentally, we note that multi-mergers are
subdominant at any redshift in the ΛCDM simulation anal-
ysed in Section 4; and observations of galaxy-galaxy inter-
actions find that the incidence of multi-mergers relative to
binaries lies at the percent level (Darg et al. 2011).
2.2.2 Extension to arbitrary trees
Next, we need to extend the time-independent global defini-
tion s = H for the entropy of self-similar trees (Section 2.2.1)
to a time-dependent definition of s(t) in arbitrary merger
trees. This definition requires a local equation governing the
evolution of s. Let us first establish a list of physically mo-
tivated mathematical conditions for this equation and then
develop an Ansatz satisfying these conditions.
Being a measure of the mass assembly hierarchy, s(t)
should only change if the mass of a halo changes (condi-
tion 1), be it via discrete mergers or smooth accretion. In
the case of mergers, the transition from the entropies {si}
of n merging branches to the new entropy snew of their de-
scendant can only depend on {si} and on the mass fractions
{xi}. Following the reasoning of Section 2.2.1, snew must be
a continuous and symmetric function of {(xi, si)} (condi-
tion 2), bound to [0, 1] (condition 3). For consistency with
self-similar trees, snew must asymptote to H for a succession
of self-similar mergers (i.e., mergers with identical mass frac-
tions {xi}, where each merger takes the output entropy of
the previous merger as its input). In particular, if all n input
entropies si are identical (si ≡ s), the output entropy snew
should be contained in the interval [s,H] (condition 4).
The rule for evolving s(t) under smooth accretion can
be determined as the limiting case, where diffuse material
of mass ∆m, is added via p→∞ minor n-mergers (n ≥ 2),
each adding (n−1) infinitesimal masses δm = ∆m/p/(n−1)
to the main branch. In turn, physical considerations for the
evolution of s(t) under smooth accretion will constrain the
definition of the merger equation. One such consideration
is that the evolution of s(t) under smooth accretion cannot
depend on the value of n, since it is physically impossible to
distinguish binary from multi-mergers in the case of smooth
accretion. Similarly, s(t) must not depend on the tree en-
tropy sd of the smoothly accreted diffuse material. This is
because the macroscopic state of a halo/galaxy cannot de-
pend on whether each smoothly accreted infinitesimal part
was itself formed by mergers or not. The only sensible choice
is that the smoothly evolving s(t) is independent of n and sd
(condition 5) and asymptotically tends to zero as ∆m→∞
(condition 6), consistent with the vanishing entropy of min-
imal trees. This argument extends to the case, where a halo
is formed entirely by a smooth collapse. In particular, if a
halo of mass m is formed through the simultaneous coales-
cence of n progenitors of mass m/n, the final tree entropy
must be independent of the progenitor entropies and tend
to zero as n→∞ (condition 7).
All seven conditions above are satisfied by the Ansatz,
snew = H + w
n∑
i=1
x2i (si −H), (2)
where H depends on {xi} via Equation (1) and w is a
function, temporarily taken to be unity. Equation (2) man-
ifestly satisfies the conditions 1–4. In particular, the differ-
ence terms (si −H) ensure that snew is always contained in
[s,H] if si ≡ s (condition 4). It is necessary to weigh these
difference terms by xqi with some q > 0 to ensure that adding
haloes with zero mass do not change the result. Condition 7
requires that the sum in Equation (1) vanishes as n → ∞,
which is satisfied iff q > 1, making q = 2 the simplest choice.
As shown in Appendix A2, this choice (but not q = 1) also
satisfies conditions 5 and 6.
The weight w in Equation (2) specifies how well snew
‘remembers’ the input entropies si. A careful choice of w as
a function of {xi} allows us to preserve the conditions 1–7,
while further specifying two crucial quantities: a rate pa-
rameter β ∈ [0, 1] determining how fast the most destruc-
tive mergers (at H ≈ 1) build up tree entropy and a rate
parameter γ ∈ [0, 1] determining how fast smooth accretion
(at H ≈ 0) removes tree entropy. Explicitly, we demand that
a single H = 1 merger (that is an equal-mass binary merger
for our choice of α) with zero progenitor entropy results in a
tree entropy β (condition 8); and that accreting an infinites-
imal mass dm to a halo of mass m and tree entropy s results
in an entropy change (ds/s) = −γ (dm/m) (condition 9). In
the ‘no-merger limit’, where all but one progenitor haloes
have vanishing mass (xi = 1, xj 6=i = 0; thus H = 0), we re-
quire that snew = si. Hence, w must be unity in this case. A
straightfoward Ansatz that satisfies this requirement, while
offering two free parameters to accommodate conditions 8
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and 9, is the second order polynomial
w = 1 + aH + bH2 (3)
with real constants a and b. A short derivation (Ap-
pendix A2) shows that conditions 8 and 9 translate to
a = (2 − γ)/f and b = nc(1 − β) − 1 − a. The value of
snew remains bound to [0, 1] as long as γ ≥ 0.
Equation (2) guarantees that an infinite regression of
self-similar mergers asymptotes to snew → H, which is maxi-
mal (H = 1) if the mergers are equal-mass mergers of n = nc
haloes. However, Equation (2) does not guarantee that a
single merger of n identical haloes (xi ≡ n−1, si ≡ s) max-
imises snew if n = nc. For this to be true, β must lie above
a threshold that depends on α and γ. A lower bound, which
works for all γ ∈ [0, 1], reads β ≥ tanh(1.165/(α − 1)). In
our case (nc = 2), the exact limit is about β > 0.65.
Given our choice nc = 2, a value of β = 1 would mean
that equal-mass binary mergers always produce the maxi-
mum entropy (snew = H = 1), irrespective of their input
entropies. Thus, such mergers would completely erase the
memory of all past mergers. This choice could be justified
on the basis that equal-mass binary mergers dramatically re-
distribute the particle orbits in a ‘violent relaxation’ process
(Lynden-Bell 1967) and largely reshape disk galaxies at the
halo centres, typically resulting in dispersion-rich feature-
less spheroids (Toomre 1977). However, detailed simulation-
based studies of merging identical disk galaxies (triggered
by equal-mass halo-halo mergers) show that the morpholog-
ical and kinematic memory is not entirely lost. For instance,
dissipation-free mergers of two pure stellar disks result in
spheroidal remnants with slightly less central density than
analogous binary mergers of stellar disk with a bulge (Hern-
quist 1993) and multiple mergers might be needed to fine-
tune the fundamental plane (Taranu et al. 2015). Likewise,
single dissipational mergers of gas-rich disks might only par-
tially remove the rotation structure (Cox et al. 2006) and
multiple such mergers seem necessary to explain some of the
slowly rotating massive elliptical galaxies (Dubinski 1998).
To allow for some memory in equal-mass binary mergers, we
adopt β = 3/4 in the definition of the tree entropy.
To choose a value for γ, we recall that early-type galax-
ies, likely associated with high-entropy trees (Section 5.2),
are rarely seen to transform back into late-type ones (Em-
sellem et al. 2007), despite the predicted continued growth of
their haloes (by a factor ∼ 3 since redshift z = 1; e.g., Elahi
et al. 2018). This can be attributed to feedback from active
galactic nuclei, as well as to the fact that the specific angu-
lar momentum of haloes increases with cosmic time (Wang
et al. 2018) and thus late accretion settles less efficiently
onto a galaxy in a ‘biased collapse’ scenario (Dutton 2012).
Thus, it makes sense to demand that the relative decrease
in tree entropy is significantly smaller than the relative in-
crease in mass during smooth accretion, i.e., γ  1. Here we
choose γ = 1/3, such that halving the tree entropy requires
a smooth mass increase by a factor 23, which corresponds
to doubling the halo radius.
Our choices for α, β and γ are, of course, subjective and
alternatives will be discussed in Section 5.4.
2.3 Concise definition of the tree entropy
The developments of Section 2.2 have led to an astrophys-
ically motivated definition of a dimensionless parameter
s ∈ [0, 1] – the tree entropy – which quantifies the com-
plexity of hierarchical mass assembly. The minimum entropy
(s = 0) stands for minimal trees without mergers, whereas
the maximum entropy (s = 1) represents maximal trees with
a fractal history of equal-mass binary mergers.
We choose the initial entropy of a halo to be sinit = 0.
This is a natural choice, as it is equivalent to saying that the
earliest haloes were assembled from diffuse matter, which is
true for many potential CDM and warm DM particles (e.g.,
neutralions; Diemand et al. 2005). In practise, the small-
est haloes at the free-streaming limit of about an Earth
mass (Angulo & White 2010) are rarely resolved in cosmo-
logical simulations (but see Wang et al. 2019). Hence, the
first haloes to appear in such simulations should arguably
have non-zero tree entropy. However, as we will show in Sec-
tion 3.3 and Figure 7, the choice of sinit is not critical for
the results, since the final entropy of a tree does not depend
significantly on the initial values for well-resolved merger
histories (& 10 leaves).
Given an initially vanishing tree entropy, the tree en-
tropy at all later times is calculated successively from pre-
vious time steps, using two mutually consistent rules, one
governing merger events and one governing the time be-
tween successive mergers. In either rule, the tree entropy
only changes if the halo mass changes.
2.3.1 Tree entropy change during mergers
If n haloes of mass mi ≥ 0 and tree entropy si ∈ [0, 1]
(i = 1, ..., n) merge simultaneously into a single halo, the
tree entropy snew ∈ [0, 1] of this new halo is calculated by
successively evaluating three equations:
xi = mi/
n∑
i=1
mi (normalised masses), (4a)
H = −f
n∑
i=1
xαi lnxi (generalised information), (4b)
snew = H + (1 + aH + bH
2)
n∑
i=1
x2i (si −H), (4c)
with real constants f = e · (α − 1), a = (2 − γ)/f , b =
nc(1− β)− 1− a. The default values in this paper are f =
3.921652, a = 0.424991, b = −0.924991. These constants
depend on the three parameters α, β and γ, which regulate
the dependence of the tree entropy on the type of mergers
as detailed in Section 2.2. Briefly,
• α > 1 (here 2.442695) specifies the relative importance
of different orders of mergers (e.g. binary versus triple merg-
ers). The lower the value of α, the more entropy is produced
by higher order merges relative to lower order ones. Our de-
fault choice α = 1 + 1/ ln 2 ≈ 2.442695 is such that binary
mergers produce the most entropy and that maximal merger
trees have maximum entropy (s = 1).
• β ∈ [0, 1] (here 3/4) regulates the rate of entropy change
in the most destructive single merger (here an equal-mass
binary merger). The higher β, the closer the output entropy
MNRAS 000, 000–000 (0000)
Structure of Merger Trees 7
of a single major merger lies to the final entropy H of an
infinite cascade of self-similar mergers.
• γ ∈ [0, 1] (here 1/3) regulates the rate of tree entropy
loss in the smooth accretion limit: the higher γ, the faster
the entropy reduction under smooth accretion.
2.3.2 Tree entropy evolution between mergers
The rule for evolving the tree entropy under smooth accre-
tion of a mass ∆m cannot be chosen freely, but must be
derived from these equations. Let us subdivide the smooth
accretion into a very large number p of successive mergers,
each adding an equal amount of mass of entropy sa. If each
merger is thought of as a binary merger (n = 2), then each
joining halo has a small mass δm = ∆m/p. For mergers of
arbitrary order (n ≥ 2), this mass is δm = ∆m/p/(n − 1).
Through a short calculation it can be shown that in the
limit of p → ∞ and irrespective of n, a p-fold repetition
of Equations (4) (while increasing the main mass by δm at
each iteration) leads to an entropy
snew = s
(
m
m+ ∆m
)γ
, (5)
where s is the tree entropy of the halo of mass m before
the smooth accretion. The independence of Equation (5)
on sa and n is a crucial requirement for the entropy to be
a meaningful measure, since it is conceptually pointless to
assign a tree entropy to infinitesimal mass elements and/or
to distinguish between binary or higher-order mergers for
such elements.
3 ILLUSTRATION OF TREE ENTROPY
The purpose of this section is to illustrate the evolution of
the tree entropy s, using idealised examples.
3.1 Tree entropy of single mergers
Equations (4) governing the tree entropy change during
mergers satisfy a list of meta-properties that are necessary
in order for s to be a physically meaningful parameter:
• Markovianity: The tree entropy of a halo only depends
on the preceeding time step. Specifically, the new s of a halo
immediately after a merger only depends on the masses mi
and tree entropies si (i = 1, ..., n) of its n progenitors just
before the merger.
• Scale invariance: Only the ratios, not the absolute val-
ues, of the progenitors massesmi are relevant for the entropy
of the descendant. Thus only normalised progenitor masses
xi ≡ (mi/∑mi) appear in Equations (4).
• Permutation symmetry: The tree entropy of a descen-
dant halo does not depend on the ordering of its simultane-
ously merging progenitors.
• No-merger limit: A merger of n+ k haloes with n non-
vanishing masses (mi > 0, ∀ i ≤ n) and k vanishing masses
(mi = 0, ∀ i > n) results in the same entropy as a merger of
the n non-vanishing masses. In particular, if a halo of mass
m1 > 0 and entropy s1 ‘merges’ with some vanishing masses
mi = 0 (∀ i > 1), the entropy of the resulting halo is s1.
Varying mass ratio
snew=0.75 snew=0.56 snew=0.25 snew=0.04
1:1 1:2 1:4 1:10
Varying number of branches
snew=0.75 snew=0.69 snew=0.51 snew=0.29
n=2 n=3 n=5 n=10
Varying initial entropy
snew=0.59 snew=0.72 snew=0.79 snew=0.85
s=0 s=0.5 s=0.79 s=1
Tim
e
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0.1
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Figure 4. Evolution of the tree entropy s in idealised mergers. In
each row, one property of the merger is varied: the binary mass
ratio r (top); the number n of equal-mass haloes (middle); the
input tree entropy s (bottom) – see explanations in Section 3.1.
The bottom row uses a 4-merger with a fixed mass ratio of 1:3:2:6.
• Continuity: Vanishing changes in the progenitor masses
{mi} and entropies {si} imply asymptotically vanishing
changes in the entropies of the descendant.
To illustrate the qualitative evolution of s during a
merger event Figure 4 shows some contrived cases. In each
row, only one aspect of the merger changes, thus illustrating
three important properties:
• Mass ratio scaling: A merger of two haloes of zero tree
entropy generates an entropy that is a monotonically in-
creasing function of the mass ratio r = m/M . Equal-mass bi-
nary mergers generate the largest entropy (snew = β = 3/4)
of any single merger event.
• Multi-merger scaling: If n ≥ 2 haloes of identical mass
and tree entropy merge, the outcome entropy snew is a de-
creasing function of n and asymptotes to zero as n → ∞
(see Section 3.2 for a visualisation of this limit).
• Entropy linearity: If n haloes of identical entropies s
merge, the outcome entropy snew is a monotonically, in fact
linearly, increasing function of s.
A key addition to the last point is that s and snew are
not proportional to one another and will generally cross-over
at some point. Whether snew is smaller or larger than s de-
pends on s and the generalised information entropy H({xi})
associated with the mass ratios. If n haloes of identical tree
entropy s merge, the entropy
• increases towards H, if s < H;
• remains unchanged, if s = H;
• decreases towards H, if s > H.
Thus, every merger moves the tree entropy towards H
(=0.79 in the bottom row of Figure 4). By consequence,
a cascade of self-similar mergers asymptotically approaches
s = H. Therefore, the tree entropy gradually ‘forgets’ its
past and hence the choice of the initial entropy sinit becomes
irrelevant for sufficiently resolved trees (see illustration in
Section 3.3).
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Figure 5. Nearly smooth growth scenarios: the trees on the left
grew from n = 50 very minor accretion events, the ones on the
right from a single n-merger. In both cases the resulting tree
entropy snew becomes independent of the input entropy s and
tends to zero as n→∞, as required for consistency with smooth
accretion and smooth collapse. (Colour scale as in Figure 4.)
3.2 Smoothly grown haloes
By definition, haloes grown smoothly without mergers must
have vanishing tree entropy, irrespective of whether the halo
was grown trough smooth accretion over some time (‘mini-
mal trees’, see Section 1) or through an instantaneous col-
lapse of diffuse material. Functional continuity then implies
that haloes grown almost smoothly, i.e., via a large number
n of minor accretion events, must have asymptotically van-
ishing entropy as n → ∞. The case of n = 50 is illustrated
in Figure 5. The nearly smooth accretion (left) and nearly
smooth collapse (right) result in asymptotically vanishing
tree entropies (as n → ∞), which also become asymptoti-
cally independent of the progenitor entropy, consistent with
the impossibility to assign a tree entropy to diffuse material.
3.3 Detailed analysis of binary mergers
Most mergers in halo merger trees are binary mergers. In fact
in some EPS-based tree-generating algorithms all mergers
are binary (e.g., Lacey & Cole 1993; Moreno et al. 2008). In
this case, the mass fractions xi of the merging haloes can
be reduced to a single mass fraction x, such that x1 = x
and x2 = 1 − x, related to the mass ratio, r = m/M , via
x = 1/(1 + r). If the merging haloes have equal tree entropy
s, the outcome snew only depends on x and s.
The function snew(x, s) is visualised in Figure 6. Its sym-
metry about x = 0.5 reflects the permutation symmetry
x1 ↔ x2. At any fixed x, snew is a linear function of s. Thus,
the sheet in Figure 6 is made of straight lines, which con-
nect the two extremes snew(x, s = 0) and snew(x, s = 1)
(thin solid curves) at fixed x. Some values of snew(x, s) and
H(x) have been listed in Table 1. This table shows, for in-
stance, that H = 1/2 if r ≈ 0.176. Hence any halo with
entropy H > 1/2 must have had at least one merger with
r > 0.176 in its assembly history. Likewise, haloes with en-
Figure 6. Outcome entropy snew for a binary merger of two
haloes with normalised masses x and (1 − x) and identical en-
tropy s. Red shows the region where the merger increases the
entropy (snew > s); blue shows the region where the entropy
decreases (snew < s). The thick solid line is the critical line
(snew = s = H). This line gives the values of s towards which
self-similar binary merger trees (Figure 7) asymptote. The dashed
vertical line reaches up to snew = β = 3/4, the output tree en-
tropy of an equal-mass binary merger with zero initial entropy.
r x 1− x snew H
0.000 1.000 0.000 0.0000 + 1.0000s 0.000
0.050 0.952 0.048 0.0086 + 0.9513s 0.177
0.100 0.909 0.091 0.0424 + 0.8687s 0.323
0.150 0.870 0.130 0.0988 + 0.7778s 0.445
0.176 0.850 0.150 0.1343 + 0.7314s 0.500
0.200 0.833 0.167 0.1691 + 0.6905s 0.546
0.250 0.800 0.200 0.2450 + 0.6118s 0.631
0.300 0.769 0.231 0.3206 + 0.5434s 0.702
0.333 0.750 0.250 0.3688 + 0.5034s 0.743
0.400 0.714 0.286 0.4569 + 0.4361s 0.810
0.500 0.667 0.333 0.5645 + 0.3621s 0.885
0.600 0.625 0.375 0.6428 + 0.3127s 0.935
0.800 0.556 0.444 0.7283 + 0.2623s 0.987
1.000 0.500 0.500 0.7500 + 0.2500s 1.000
Table 1. Tabulated outcome entropy snew of a single binary
merger event of two haloes of identical entropies s, as a function
of their mass ratio r = (1 − x)/x. The generalised information
entropy H is the stationary value of s, where snew = s. This is
also the asymptotic entropy attained in an infinite regression of
self-similar binary mergers with fixed mass ratios r.
tropy H > 0.743 must have experienced at least one major
merger with r > 1/3. (The converse is not true.)
Figure 6 distinguishes between the regions snew > s
(red) and snew < s (blue). The dividing line between these
regions (thick solid curve) is the geometric location where
snew(x, s) = s. According to Equation (4c), this line corre-
sponds to s = H(x) = −f [xα ln(x)+(1−x)α ln(1−x)]. The
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s=1.00
r=0.33
s=0.74
r=0.10
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Figure 7. Tree entropy evolution in quasi-fractal binary merger
trees, represented as Pythagoras trees where masses are propor-
tional to square areas (Bosman 1957). The trees have different
mass ratios r = m/M , ranging from 1/1 (top left, a ‘maximal
tree’), to 1/3 (right) and 1/10 (bottom left). The outcome en-
tropy s tends towards the generalised information entropy H,
which only depends on r (Equation (4b), values in Table 1). The
final entropy is independent of the initial entropies at the leaves
of the tree, as seen in the two trees on the right where sinit = 0
(top) and sinit = 1 (bottom). (Colour scale as in Figure 4.)
only other case where snew(x, s) = s is the no-merger limit,
where x = 0 or x = 1. Hence, the function snew(x, s) is equal
to s if and only if x = 0, x = 1 and s = H(x). This explains
the shape of snew(x, s) with one oscillation as a function of
x if s = 0 and two oscillations if s = 1.
As with any n-merger, a sequence of binary mergers
with identical mass ratios gradually evolves the tree entropy
towards H(x). Figure 7 shows this asymptotic convergence
in the case of quasi-fractal binary trees, i.e., trees that are
self-similar down to progenitors of a minimal mass (here
10−2 times the final mass). The two trees on the right show
explicitly that the final tree entropy does not depend on the
initial entropy at the leaves.
4 TREE ENTROPIES IN ΛCDM
Let us now investigate the tree entropy of realistic halo
merger trees in the concordance Λ Cold Dark Matter
(ΛCDM) cosmology. We will first introduce the N -body
simulation and post-processing techniques used to build the
merger trees and their tree entropies (Sections 4.1 and 4.2)
and then discuss the statistics and evolution of the entropy
(following subsections). A pure CDM universe without bary-
onic physics is assumed in this section. Baryons and galaxies
will be discussed in Section 5.
4.1 Simulated merger trees
Our analysis focuses on a run from the SURFS N -body sim-
ulation suite presented by Elahi et al. (2018), which uses
an up-to-date Planck cosmology (4th column in Table 4 of
Planck Collaboration et al. 2016) with characteristic densi-
ties ΩΛ = 0.6879 (vacuum energy), Ωm = 0.3121 (all mat-
ter), Ωb = 0.0491 (baryonic matter, derived), scalar spec-
tral index ns = 0.9653, power spectrum normalisation σ8 =
0.8150 and Hubble parameter H0 = h · 100 km s−1Mpc−1
with dimensionless Hubble parameter h = 0.6751.
The SURFS run considered here is “L210N1536” (see
Table 1 in Elahi et al. 2018), a purely gravitational N -body
simulation of 15363 particles in a cubic box of side-length
210h−1Mpc (comoving) with periodic boundary conditions.
The implied particle mass is 2.21 · 108h−1M. The initial
conditions at redshift z = 99 were generated using the sec-
ond order Lagrangian perturbation theory scheme (2LTP;
Crocce et al. 2012) with a transfer function generated by
CAMB (Lewis et al. 2000). Subsequently the particles were
evolved to z = 0 using a memory lean version of GADGET-2
(Springel et al. 2001; Springel 2005).
Particle positions and velocities were stored at 200 dis-
crete time steps (snapshots), between z = 24 and z = 0 in
evenly spaced intervals of logarithmic growth factor. This
high cadence ensures that adjacent snapshots are sepa-
rated by less than the free-fall time of virialised overdensi-
ties, which is necessary to generate merger trees that accu-
rately capture the evolution of dark matter haloes. Central
and satellite subhaloes were identified using VELOCIrap-
tor (Elahi et al. 2019a), which first identifies haloes using
a 3D FOF algorithm in configuration space (Davis et al.
1985) and subsequently identifies substructures using a 6D
phase-space FOF algorithm with an unbinding algorithm.
Subhaloes have a minimum of 20 particles, which implies a
minimum mass of Mmin = 4.42 · 109h−1M.
The subhaloes are then linked across snapshots using
the particle correlator code TreeFrog (Elahi et al. 2019b),
which can interpolate across several snapshots if necessary.
In this work, we used a customised version of the TreeFrog
outputs, in which each subhalo has exactly one descendant
and satellite subhaloes stay associated with their first cen-
tral. Since a characterisation of a halo’s mass assembly his-
tory requires ‘halo merger trees’ rather than ‘subhalo merger
trees’ (see Figure 2), we convert the subhalo trees into halo
trees by assuming that a halo merges into another halo as
soon as it becomes a satellite in the subhalo tree representa-
tion. As soon as this happens the two masses are added up
to form a single halo and potential ‘back splashes’, where a
satellite exits and reenters its central subhalo, are ignored.
The mass of haloes is defined as the total mass of their
gravitationally bound particles, including bound and asso-
ciated substructure. To compute the entropies of satellite
subhaloes, we construct their effective ‘halo trees’ at the
level of satellites, as explained at the end of Section 2.1.
4.2 Tree entropy calculation in simulated trees
All new haloes (i.e., without progenitors) in the simulated
merger trees are initialised with tree entropy sinit = 0. Later
tree entropies are then computed snapshot-by-snapshot by
applying two computations to each halo. First, if the halo
has more than one progenitor, we apply Equations (4), to
compute the entropy change caused by the merger. Second,
we compute the entropy change of the halo due to smooth ac-
cretion. The latter is accomplished using Equation (5) with
a small modification that we discuss now.
In general, the mass m0 of a halo differs from the to-
tal mass of its n ≥ 1 progenitors by a non-zero amount
∆m = m0 −∑ni=1 mi. There can be several reasons for ∆m
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to be non-zero. First, haloes can accrete diffuse material that
is not resolved into progenitor haloes. Some of this material
might be truely diffuse (Genel et al. 2010), whereas some
might be bound in small haloes that lie below the resolution
limit of the simulation (less than 20 particles). In fact, the
smallest (and first) haloes to form in ΛCDM have masses
of around an Earth mass, corresponding to the small-scale
thermal cut-off in the CDM power spectrum (Green et al.
2004; Angulo & White 2010). Since Equation (5) for han-
dling smooth accretion also corresponds to the limit of many
small mergers, this equation is suitable in either case.
Second, ∆m can be non-zero due to numerical rea-
sons (Contreras et al. 2017): any (sub)halo-finder, includ-
ing VELOCIraptor, is subject to pseudo-random oscillations
in the number of particles that are assigned to a halo at
each time step. The continuously changing positions, ve-
locities and energies make it virtually impossible to avoid
such oscillations. Such oscillations can be smoothed out by
applying Equation (5) irrespective of the sign of ∆m. In
this way, a spurious numerical mass gain between snapshot
1 and 2 of ∆m1→2 > 0, followed by an equal mass loss
∆m2→3 = −∆m1→2 results in no net entropy change.
Third, haloes can be stripped of their material, imply-
ing a physical mass loss ∆m < 0. If blindly applying Equa-
tion (5) in this case, the tree entropy can increase indefinitely
to unphysical values s > 1. This is particularly problematic
for satellite subhaloes, which can be stripped entirely, mean-
ing that all these subhaloes would eventually reach s > 1,
even if the galaxies at their centres remain regular.
A practical way for correctly handling ∆m 6= 0 in all
the above scenarios is to apply Equation (5) for all haloes,
irrespective of the sign of ∆m, except for satellites whose
mass has dropped below the mass they had when they first
became a satellite of another halo. To avoid s > 1 in some
very rare ( 0.1 percent) cases of massively stripped field
haloes, we artificially impose snew ≤ 1 in Equation (5).
Appendix C shows how the tree entropy computation
is implemented programmatically using pseudo-code.
A key question that needs addressing pertains to nu-
merical convergence: how far from the mass resolution limit
of a simulation must a halo be for its tree entropy to be nu-
merically converged? Or, inversely, in which haloes can we
trust the entropy value given the resolution of the simula-
tion? This question is addressed in detail in Appendix B1.
Irrespectively of the way smooth accretion is handled (even
if ignored), it turns out that the entropy values are suffi-
ciently converged (within . 0.02, that is . 10 percent) in
haloes of mass M ≈ 1011h−1M. At this mass, the smallest
resolved (20 particles) progenitors are about 20-times less
massive. For the whole discussion that follows we therefore
only consider haloes with M ≥ 1011h−1M, corresponding
to > 452 particles. This cut is similar to that of Correa
et al. (2015b), who found that a minimum of ∼ 300 parti-
cles is needed for merger trees to be sufficiently resolved for
analysing the main branch MAH.
The time-steps between the snapshots in SURFS was
deliberately chosen below the free-fall time of the haloes to
allow for a robust identification of merger trees. The con-
vergence study of Benson et al. (2012) found that this ca-
dence is indeed sufficient for merger trees to capture the
mass growth of haloes and galaxies with a mass error below
5 percent; in fact, they found this criterion satisfied at 128
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Figure 8. Distribution of the tree entropies of the simulated
haloes in SURFS at z = 0 for haloes with M ≥ 1011h−1M.
Dotted vertical lines denote the entropies of self-similar binary
trees of mass ratio 1/10 (s ≈ 0.323) and 1/3 (s ≈ 0.743).
snapshots between z = 20 and z = 0, whereas SURFS has
an even higher cadence of 200 snapshots between z = 24
and z = 0. Throughout this work, we can therefore expect s
to be well-converged relative to the time-resolution. In Ap-
pendix B2, we explicitly confirm this assumption by showing
that using only every second snapshot only changes the tree
entropy values by a marginal amount.
4.3 Global entropy statistics in ΛCDM
The tree entropies of haloes (M ≥ 1011h−1M) at z = 0
span the full range from s = 0 (minimal merger trees) to s =
1 (maximal trees). The full distribution of entropies shown
in Figure 8 is approximated by a β-distribution, a typical
distribution of bound variables resulting from a cascade of
random processes (halo mergers in this case).
The distribution of tree entropies peaks near s = 0.4
(mode 0.35, median 0.41, mean 0.43), approximately match-
ing self-similar trees made of binary minor mergers of mass
ratio 1/7 (Table 1). In this rough sense, we thus expect that
median galaxy properties can be modelled using self-similar
merger trees with 1/7 ratios. By contrast, only 3.9 percent
of the trees fall into the regime (s ≥ 0.743) corresponding to
self-similar binary trees made of major mergers (r > 1/3).
The small excess of haloes with s ≈ 0 (Figure 8) is a nu-
merical artefact, caused by about 0.7 percent of haloes whose
main branch was improperly assigned to a neighbouring halo
close to z = 0. This can happen, for instance, when satellite
subhaloes escape from their parent entirely to restart a new
life as independent halo (see, e.g., Ludlow et al. 2009). In
the halo tree representation (Figure 2), the assembly history
of these haloes is lost and they seem to just ‘pop up’ shortly
before or at z = 0. Typically, these haloes only have one or
two leaves, a low entropy (s < 0.05) and a young age. Given
the low incidence of these odd cases, they do not impinge
on the statistical results of this paper.
For completeness, Figure 8 also shows the tree entropy
distribution of satellite subhaloes at z = 0, accounting for
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Figure 9. Left: Number density of haloes (at z = 0) as a function of tree entropy s and number of leaves nl. Densities (per units of s
and lognl) are shown by shades of grey on a logarithmic scale from white (lowest) to black (highest). The curve indicates the mean s¯
as a function of nl, colour-coded by s¯ using the colour scale of Figure 4. Right: Illustration of three halo merger trees extracted from
SURFS, colour-coded as in Figure 4. Coloured circles indicate the location of these trees in the left panel.
8.4 percent of the subhaloes (the remainder being centrals).
The distribution is similar to that of the centrals, as ex-
pected from self-similarity arguments. On average, the tree
entropy of satellites is about 1.1-times higher, likely due to
the fact that their late-time growth has been halted/reduced
around the time they became a satellite (typically z ∼ 1).
This is in quantitative agreement with the cosmic evolution
of entropies of (1st generation) haloes (see Section 4.4). It
is also possible that numerical resolution leads to increased
entropies for satellites: more massive satellites are more eas-
ily tracked inside their parent than less massive ones, hence
skewing the mass ratio of satellite-satellite mergers towards
major mergers. In this work, we will not further discuss the
tree entropies of satellite subhaloes.
Figure 9 (left) expands on the relation between tree en-
tropy and leaf number. Trees with only one leaf (minimal
trees) have, by construction, zero entropy. Trees with two
leaves have had exactly one merger, which means that their
entropy can be as high as β = 3/4, bar some rare cases where
smooth mass losses lead to slightly higher values. The dis-
tribution in Figure 9 (left) reveals that the entropy distribu-
tion remains roughly constant with a mean around 0.43–0.45
(green line), for all trees with more than ∼ 10 leaves. The
slight increase in s¯ with number of leaves is a consequence
of the weak s–mass relation explained in Section 4.5.
Figure 9 (right) shows three merger trees extracted from
the SURFS simulation. The typical scenario (example 1 in
Figure 9; green circle) are trees in which the main branch
experienced a few (1–3) major mergers, but the total mass
contribution of these mergers lies below that of minor merg-
ers and smooth accretion. Such trees typically settle at en-
tropies near s = 0.4. Trees with exceptionally high entropies
(example 2; red circle) normally consist of two or more sim-
ilarly massive sub-trees, which coalesce in a series of major
mergers near z = 0. In turn, trees with very low entropy
(example 3; blue circle), resemble a pine tree, characterised
by a strong main branch, without significant major mergers
in its recent history.
4.4 Cosmic evolution of tree entropies
Figure 10 shows the cosmic evolution of the entropy distri-
bution of Figure 8. The observed increase of the mode of
s with redshift z is numerically robust: it persists upon se-
lecting subsamples of massive haloes (e.g., ≥ 1012h−1M)
and/or with many leaves (> 10), for which the entropies are
expected to be very well converged (Appendix B).
At first sight, it might seem natural that the en-
tropy distribution evolves with redshift in view of the well-
established fact that merger rates (at fixed mass, per unit
of time) increase strongly with redshift, approximately as
(1 + z)2 (Stewart et al. 2009). However, the entropy pa-
rameter is independent of the overall merger rate, as it only
depends on the geometric structure, not on the time scale of
a merger tree. As long as the relative masses and the chrono-
logical ordering of the merging branches remain unchanged,
the entropy of a tree remains unchanged, too.
The cosmic evolution towards higher s at higher z can
only be explained by an increase in major mergers relative
to minor ones. More precisely, the evolution of s shows that
merger rates must increase more significantly with redshift
for mergers with higher values of r = m/M . In fact, in
our simulation, the fraction fr>1/3 of major binary merg-
ers (r > 1/3), relative to all binary mergers, varies from
2 percent at z = 0 to 7 percent at z = 5, approximately
as fr>1/3 ≈ 0.02(1 + z)0.7. If major mergers are defined as
r > 1/10, these numbers change to 6 percent at z = 0 and
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Figure 10. Cosmic evolution of the tree entropy distribution of
all simulated haloes (M ≥ 1011h−1M). The shift of the mode is
qualitatively consistent with the established weak cosmic decline
in the major-to-minor merger ratio in ΛCDM.
25 percent at z = 5, following fr>1/10 ≈ 0.06(1 + z)0.8. This
evolution is in qualitative agreement with earlier analyses of
N -body simulations finding that the strong overall evolution
of merger rates shows a weak secondary dependence on r,
such that major mergers become relatively more prevalent
with increasing z (Genel et al. 2009; Fakhouri et al. 2010).
The cosmic evolution of s (or r) can be understood in
terms of the evolving characteristic mass M∗. This mass,
which is related to the break in the halo mass function, is de-
fined as the mass at which the rms σ(M, z) of the smoothed
density perturbation field δ(x, t) matches the critical den-
sity δc ≈ 1.69 for spherical collapse, i.e., σ(M∗, z) ≡ δc.
The characteristic mass defined in this way is directly com-
putable from the matter power spectrum. For masses below
M∗, haloes form efficiently following a power-law statistics,
whereas for masses above M∗, the number density falls of
exponentially (Schechter 1976). In a scale-free Einstein-de
Sitter universe, M∗ is the only driver of scale-dependence
(Smith et al. 2003; Angulo et al. 2017), apart from the much
smaller free-streaming scale (Angulo & White 2010), and
hence the evolution of merger tree structures should be ex-
plainable by the evolution of M∗(z). Explicitly, we expect
the evolution of s to depend only upon the so-called peak
amplitude ν ≡ δc/σ(M, z). Equivalently, s expressed as a
function of M/M∗(z) should be independent of z. Figure 11
demonstrates that this is indeed the case.
Interestingly, the mean of s changes rapidly as a func-
tion of halo mass near M = M∗, but tends to become
roughly mass independent as M M∗ and M M∗. This
behaviour can be approximated by the analytic fit
〈s〉 = 0.45 + 0.025 erf(x0.6) (6)
where x = log10(M/M∗). This function is shown as black
curve in Figure 11. The standard deviation of the s-
distribution is about 0.16 with no significant dependence on
x (dashed lines in Figure 11). On an intuitive level, the in-
crease of 〈s〉 (and 〈r〉) with x can be seen as a consequence of
the known relation between x and clustering bias, predicted
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Figure 11. Mean tree entropy plotted as a function of normalised
halo mass at different redshifts. Vertical lines show the standard
deviation of the s-distribution each bin. The statistical uncer-
tainty on the mean is shown by the thicker vertical lines. The
black solid curve is the analytic fit of Equation (6).
by the theory of peaks in Gaussian random fields (Bardeen
et al. 1986) and well-confirmed observationally. We reserve
a more quantitative exploration of the connection between
s and clustering to future work.
The fact that the tree entropy responds to the evolution
in the characteristic mass, but not to the strong evolution in
the overall merger rate (about an order of magnitude from
z = 0 to z = 2), is an interesting feature of purely structural
estimators such as s.
4.5 Tree entropy relative to other halo properties
For the new parameter s to be a useful measure, it needs
to add some ‘information’ not already captured by sim-
pler halo parameters. It is therefore interesting to ques-
tion whether/how s relates to established quantities that
are commonly used to characterise haloes. We chose to limit
this discussion to four key quantities: the virial mass M , the
spin parameter λ (as defined by Bullock et al. 2001), the
NFW concentration parameter c (defined by Navarro et al.
1996; estimated by VELOCIraptor from the maximum cir-
cular velocity) and the formation redshift zform. The latter
is defined as the mass-weighted redshift, by which material
joins the main branch of the tree, accounting for both merg-
ers and smooth accretion.
The probability distributions and covariances of these
quantities and the tree entropy s at z = 0 are shown in
Figure 12. The black solid lines plotted on top of the red
histograms show analytical fits to the one-dimensional distri-
butions. The rs values in the covariance plots are the Spear-
man ranking coefficients. We deliberately chose the Spear-
man ranking over the standard Pearson coefficient in order
to quantify the correlations independently of the scales; e.g.,
the Spearman ranking is invariant to logging an axis, such
as zform 7→ log(1 + zform).
The global statistics of M , λ, c and zform agree with
well-known behaviour in ΛCDM:
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Figure 12. Distributions of five parameters for SURFS haloes with M ≥ 1011h−1M. The diagonal panels show the one-dimensional
distributions, fitted with analytic models (black lines, see Section 4.5). The lower panels (grey) show the two-dimensional number density
of haloes; whereas the upper panels (blue) show the mass density. Contours contain 25/50/75 percent of the counts or mass, respectively.
The redshift axis is linear in log(1 + zform). The rs values are standard (bottom) and mass-weighted (top) Spearman rank coefficients.
• The mass distribution follows a power-law (e.g., Murray
et al. 2013). The typical exponential truncation around a
cut-off mass of 1014M is present in our data (Fig. 4 of
Elahi et al. 2018), but not visible on a linear density scale.
• The spin parameter distribution is well-approximated
by a normal distribution in log(λ) with no significant cor-
relation with M , as has been established in various dark
matter-only simulations (e.g., Knebe & Power 2008). Note
that for spherical haloes, λ cannot exceed 1/(4
√
2) ≈ 0.177;
hence the small excess of high-spin objects comes from de-
formed (and often unrelaxed, interacting) systems.
• The formation redshift of most haloes falls inside
zform = 1–2 (look-back time ≈ 8–11 Gyr). The values are
consistent with those quoted by Elahi et al. (2018), upon
accounting for the fact that Elahi’s zform are fixed when the
haloes have just 25% of their final mass, leading to slightly
higher values. In line with other pure dark matter simula-
tions (e.g., Wechsler et al. 2002; Li et al. 2008; Zehavi et al.
2018), our formation times closely follow a normal distribu-
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tion in log(1+z). Further, zform shows a negative correlation
with M , i.e. more massive haloes assemble later, as expected
in a hierarchical formation scenario (but see Li et al. for how
this depends on the definition of zform).
• The concentration parameter c is approximately nor-
mally distributed, with an excess at c . 4 attributed
to unrelaxed, predominantly massive haloes, whose three-
dimensional density is poorly described by a spherical NFW
profile. As first suggested by Navarro et al. (1997), most of
the scatter in c is explained by differences in collapse times,
which are inherited through the assembly history. The ear-
lier a halo is assembled, the higher its concentration, and
vice versa; hence the strong positive correlation between c
and zform. The M–zform relation then explains the negative
correlation between c and M , whose mode agrees with the
detailed studies by Dutton & Macci (2014) and Ludlow et al.
(2016). In fact, the full zform–c relation can be explained in
one strike upon realising that the halo density profile re-
flects the evolving density of the universe weighted by an
appropriately defined formation time (e.g., Zhao et al. 2009;
Correa et al. 2015a; Ludlow et al. 2014, 2016).
Overall, the tree entropy s only correlates significantly
with zform, with a Spearman rank coefficient of rs = −0.40
(or −0.36 if mass-weighted). This negative correlation natu-
rally arises from the fact that a high tree entropy s normally
means that the halo has had a major merger in its recent
past. This implies that the main branch grew significantly
at a relatively low z, hence making the mass-weighted main
branch redshift zform relatively small. Therefore, high values
of s often correspond to low values of zform and vice versa.
We performed a principal component analysis in the
space of (M,λ, c, zform, s) to check if s exhibits any signifi-
cant correlations with M , λ and/or c beyond those already
explained via the s–zform relation. However, adding other
parameters to zform only improves the constraints on s by
an insignificant amount (∼ 10 percent).
5 CONNECTION TO GALAXIES
The hierarchical assembly of dark matter haloes naturally
drives the mergers of galaxies in the haloes. Theoretical pre-
dictions of merger rates, e.g., in the ILLUSTRIS and EA-
GLE simulations (Rodriguez-Gomez et al. 2017; Lagos et al.
2018a) and semi-analytic modelling (Henriques et al. 2015),
are indeed in good agreement with ‘observed’ merger rates
deduced from galaxy pair counts (Mundy et al. 2017). This
agreement motivates a deeper exploration of the connection
between the merger trees and observable galaxy properties.
A full exploration of the galaxy-halo connection lies be-
yond the scope of this work. However, to illustrate the po-
tential use of s this section discusses a specific example of the
information that s carries on galaxies. We limit the discus-
sion to mock galaxies generated by a semi-analytic model,
run in post-processing of the CDM trees analysed in Sec-
tion 4; and we restrict the analysis to the stellar bulge-to-
total mass ratio at z = 0 of bulges grown from mergers,
reserving a more detailed analysis to future research.
Throughout this section s characterises the merger trees
of the CDM haloes, not of the galaxies, which merge at dif-
ferent times and with different mass ratios. This is a delib-
erate choice to investigate the galaxy-halo connection.
5.1 Galaxy evolution model
Semi-analytic models (SAMs) of galaxy evolution rely on the
assumption that dark matter-dominated structure forma-
tion is strictly separable from baryonic processes (Roukema
et al. 1997; Kauffmann et al. 1999). Exploiting this assump-
tion, halo merger trees are generated first, using purely grav-
itational modelling or simulations. Mock galaxies are then
added in post-processing, using analytic prescriptions for
evolving galaxies along the tree branches and nodes. The
galaxies are normally approximated as simple axially sym-
metric systems made of a small number of baryonic compo-
nents (e.g., hot gas, cold gas, stars, black holes). The details
of the galaxy models and the physics used to evolve them
over time depend on the particular SAM employed.
Here, we use mock galaxies constructed using SHARK
(Lagos et al. 2018b), a free and flexible software2 framework
for running SAMs of nearly any flavour (i.e., custom galaxy
models and physics). We use the default3 SAM implemen-
tation in SHARK as detailed by Lagos et al.. In this model,
galaxies are composed of sub-systems, characterised by their
mass, angular momentum and metalicity. These components
are split into discs (stellar/atomic/molecular) and spherical
systems: hot/cold halo gas, stellar/atomic/molecular bulge,
central super massive black hole (SMBH), gas ejected from
the halo. The galaxies live in the CDM haloes that form
and merge as dictated by the fixed input merger trees. The
main baryonic processes that govern the formation/evolu-
tion of the galaxies are (1) the accretion of gas onto haloes,
modelled via the DM accretion rate; (2) the shock heat-
ing and radiative cooling of gas inside haloes onto galac-
tic discs under conservation of specific angular momentum;
(3) the formation of molecules and stars in galaxy discs;
(4) the suppression of gas cooling by UV background ra-
diation; (5) the chemical enrichment of stars and gas; (6)
feedback from stellar winds and supernovae; (7) the growth
of SMBHs via accretion of gas and other SMBHs; (8) heat-
ing by feedback from SMBHs (‘AGN feedback’); (9) galaxy-
galaxy mergers driven by dynamical friction inside common
DM haloes which can trigger starbursts and the formation
and growth of bulges; and (10) the collapse of globally un-
stable discs that also leads to starbursts and bulges.
SHARK was run on the subhalo merger trees of the
SURFS L210N1536 simulation (details in Section 4.1). Like
most SAMs, SHARK produces galaxies in three types of
CDM environments: central galaxies sit at the centre of cen-
tral subhaloes; satellite galaxies sit at the centre of satellite
subhaloes, and orphan galaxies have lost their halo, for in-
stance through the disruption of a satellite subhalo. Since
we aim to compare galaxy properties to the tree entropies
of the corresponding haloes, we select all galaxies at z = 0
that currently reside in subhaloes with well-determined en-
tropies; that is, we select all galaxies with subhalo masses
M ≥ 1011h−1M, neglecting the 8.3 percent orphan galaxies
whose most recent subhalo fell in this mass range.
The selection results in 310,209 galaxies, of which
93.3 percent are centrals and 6.7 percent are satellites. We
will ignore satellites, but note that including them only
changes the numerical results at the percent level.
2 Source code available at: https://github.com/ICRAR/shark
3 SHARK version 1.2.1, timestamp 2019-04-08T10:46:14.
MNRAS 000, 000–000 (0000)
Structure of Merger Trees 15
0 0.2 0.4 0.6 0.8 1
0
0.
2
0.
4
0.
6
0.
8
1
Tree entropy s
St
el
la
r b
u
lg
e−
to
−t
ot
al
 m
as
s 
ra
tio
 B
/T
Figure 13. Distribution of galaxies by tree entropy s and stel-
lar B/T mass ratio. The density has been weighted by halo mass
in order to make the rarer massive objects with high B/T val-
ues visible. Contours contain 25 (thickest), 50 and 75 percent
(thinnest) of the total halo mass. To emphasise the association
of the bimodal distribution with the blue/red galaxy bimodaility,
different colours have been used for upper and lower contours.
5.2 Tree entropy and morphology
Let us now see how the tree entropy s impinges on the
mock galaxies. We limit this discussion to evolved galaxies
at z = 0, specifically to their bulge-to-total (B/T ) mass
ratio, already known to depend on the assembly history
(e.g., Brooks & Christensen 2016). Bulge formation is a com-
plex affair with many facets: dynamic scaling relations and
kinematics support a distinction between between disper-
sion supported ‘classical bulges’ and rotationally supported
‘pseudo bulges’ (Kormendy & Kennicutt 2004), which can
sometimes coexist (Erwin et al. 2014). Early views that
the former are produced by mergers and the latter in-situ
evolved into a much more nuanced picture, where classical
bulges can also form in-situ (Perez et al. 2013), mergers are
an essential driver of pseudo bulges (Guedes et al. 2013;
Okamoto 2013; Gargiulo et al. 2019) and mergers transform
classical to pseudo bulges (Saha 2015).
SHARK distinguishes between bulge stars formed in
mergers and bulge stars formed in-situ via global disk in-
stabilities. The instabilities are triggered if the rotational
support falls below a classical (Ostriker & Peebles 1973)
stability criterion, but currently SHARK does not account
for tidal instabilities known to precede mergers and which
can also form bulges (Gargiulo et al. 2019). Therefore, in-
stability driven bulges probably do not depend as much on
the assembly history as they do in reality. To circumvent
this discussion, our B/T ratios only include stars formed
in mergers and in mergers of progenitor galaxies. These
merger-driven bulges are likely a combination of classical
and pseudo-bulges, but this distinction is irrelevant here.
Figure 13 shows the halo mass distribution of the mock
galaxies in the (s,B/T )-plane. The reason for weighting the
galaxies by their halo mass is purely graphical: it allows us
to visualise low B/T values (found in many low mass galax-
ies) and high B/T values (found in fewer high mass galaxies)
with roughly equal weight. In this scaling the classical bi-
modality between late-type galaxies (LTG, low B/T ) and
early-type galaxies (ETG, high B/T ) is very apparent.
There is a clear positive correlation between s and B/T .
In fact, most (60 percent) of the clear LTGs (B/T < 0.2)
have low entropy (s < 0.4), while most (74 percent) of the
clear ETGs (B/T > 0.8) have high entropy (s > 1/3). This
statement remains true even if instability driven bulge mass
were included (64 percent and 60 percent, respectively).
Clearly, the tree entropy encodes important information on
the properties of the mock galaxies.
5.3 Information analysis
We now rigorously quantify the information of s about B/T
using the normalised mutual information (Strehl & Ghosh
2003). This information measure, contained between 0 and
1, quantifies the information a variable X carries about a
variable Y (and vice versa). It is formally defined as
IXY = 1√HXHY
∫∫
ρXY (x, y) ln
[
ρXY (x, y)
ρX(x)ρY (y)
]
dxdy, (7)
where ρXY (x, y) is the joint 2D probability density, ρX(x)
and ρY (y) are the individual 1D probability densities, and
HX and HY are the standard information entropies,
HX =
∫
ρX(x) ln ρX(x)dx. (8)
Importantly, the mutual information is invariant under non-
linear bijective transformations of the variables. For in-
stance, substituting B/T for the so-called numerical Hub-
ble stage T (de Vaucouleurs 1977) using the approximation
T = 10− 16√B/T (Eq. (18) in Obreschkow et al. 2009) or
substituting z for log10(1 + z) would have no effect on I.
To put the information Is,B/T into perspective, we com-
pute IX,B/T for all five halo properties discussed in Fig-
ure 12: the mass M , the spin parameter λ (as used by
SHARK), the concentration c (as output by VELOCIrap-
tor), the formation redshift zform (defined in Section 4.5)
and the tree entropy s. Of these properties, M has the high-
est mutual information with B/T , as one might expect from
the well-known mass-morphology relation of galaxies (Calvi
et al. 2012; Kelvin et al. 2014). For the other four proper-
ties, it therefore makes sense to only evaluate the conditional
mutual information I˜X,B/T |M that is not already explained
through correlations with M . This conditional information
is given by I˜XY |Z =
∫ IXY |Z=z ρZ(z)dz, where IXY |Z is the
mutual information IXY at a fixed value of a third property
Z (here taken as Z = M or rather Z = logM for ease of
computation). The mutual informations are listed in Table 2.
Interestingly, the tree entropy s provides the highest
amount of independent information on B/T , in addition to
the information contained in M . This statement applies at
all values of M , as shown in Figure 14.
It is hard to find a halo parameter, assembly related
or not, that carries more information on B/T at fixed M
than the tree entropy. In fact, in the exhaustive list of halo
parameters output by VELOCIraptor (see Table 4 of Elahi
et al. 2019a), none performs better than s. Furthermore,
we explicitly searched for other parameters quantifying sin-
gle accretion events: the mass ratio of the last merger, the
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Halo property Information [percent]
Halo mass M 7.04± 0.03
Tree entropy s 6.08± 0.11
Formation redshift zform 3.93± 0.11
Spin parameter λ 1.31± 0.11
Concentration c 1.01± 0.11
Table 2. Mutual information between different halo properties
and the stellar B/T ratio at z = 0. For all properties other than
M , the value is the conditional mutual information that excludes
the contribution already explained by correlations with M . Prop-
erties have been ordered by decreasing information.
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Figure 14. Mutual information, at fixed halo mass M , between
four halo properties and the stellar B/T ratio at z = 0. The
information measure was evaluated in mass bins of 0.1 dex and
smoothed with a 0.5 dex top-hat filter. Shaded bands show sym-
metric 1σ confidence intervals determined via bootstrapping.
mass ratio of the last merger above a threshold mass ratio
(0.01/0.03/0.1/0.3), the time since the last major merger
(defined as r > 1/10 and r > 1/3) and the total mass ac-
creted since the last major merger. None of these quantities
hold as much information on B/T than s.
In summary, the tree entropy s contains a significant
amount of information on theB/T ratio. Of course,B/T was
chosen deliberately to make this point, since B/T depends
on the merger history by construction in SHARK. However,
the amount of information in s compared to other halo pa-
rameters is nonetheless significant. This result demonstrates
that galaxies depend on the full structure of the merger
trees, not just on isolated merger/accretion events, such as
the most recent merger. The exception is the case where the
most recent merger was a nearly equal-mass binary merger,
since choosing β = 1 (which overwrites all past tree entropies
in the case of equal-mass binary mergers) preserves the high
information of s on B/T as shown in the following section.
5.4 Optimisation of free parameters
The tree entropy s, as defined in Section 2.3, is but one way
of quantifying merger trees. The question remains whether
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Figure 15. Mutual information Is,B/T at z = 0 as a function
of α, β and γ in two slices at fixed γ = 1/3 (left) and β = 3/4
(right). White regions denote zero mutual information (i.e., I is
at its noise level), while black corresponds to the maximum of I.
The contours enclose the region where I is less than 5 percent
from its maximum. Crosses mark the default parameters.
other definitions satisfying the physical requirements of Sec-
tion 2.2 would yield more information, e.g., on B/T . An ex-
haustive answer to this question is elusive, but we can at
least test other values for the free parameters α, β and γ in
the definition of s (Equations 4). As a reminder, α regulates
the relative importance of different multi-mergers (e.g., bi-
nary versus triple mergers), whereas β and γ regulate the
importance of major and very minor mergers (smooth ac-
cretion), respectively (see Sections 2.2).
Figure 15 shows the mutual information Is,B/T as a
function of α, β and γ in two projections. Darker shades de-
note higher information. The contours enclose the domain,
in which Is,B/T is consistent with its maximum within the
statistical noise. Conveniently, our default choice for α, β
and γ (orange crosses) approximately maximises the infor-
mation, justifying this choice with hindsight – at least for
the particular case of B/T at z = 0 in SHARK.
Note that α corresponds to the number of branches
nc = e
1/(α−1) (⇔ α = 1−1/ lnnc) of the equal-mass merger
that generates the highest entropy. Thus, the fact that the
default value α = 1 + 1/ ln 2 ≈ 2.442695 is a good fit, im-
plies that equal-mass binary mergers (n = 2) are indeed
the ‘worst’ mergers in SHARK, in the sense that they cause
more massive bulges than other equal-mass multi-mergers.
6 CONCLUSIONS
The main purpose of this paper was to define and present
a dimensionless parameter to quantify the structure of halo
merger trees in an astrophysically meaningful manner. This
parameter, the tree entropy s, extends the mass ratio of bi-
nary halo-halo mergers both horizontally, to multi-mergers,
and vertically, to trees of sequential mergers.
By construction, minimal trees, grown without mergers,
have minimal entropy (s = 0); and maximal merger trees,
assembled exclusively from a hierarchy of equal-mass binary
mergers, have maximal entropy (s = 1). All other trees have
intermediate entropies (Figure 4). Consistent with this defi-
nition, the leaves (new haloes) and smoothly accreted mate-
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rial are initialised with zero entropy and hence smooth accre-
tion asymptotically decreases the entropy, s→ 0. For a sin-
gle halo, s is an evolving property, whose value only changes
if the halo accretes material (smoothly or discretely).
In ΛCDM, merger trees exhibit a distribution of tree en-
tropies (Figure 10), well modelled by a β-distribution peaked
around s ≈ 0.4. The median of s corresponds to that of self-
similar merger trees made exclusively of binary mergers of
a mass ratio near 1/7. As expected, this demonstrates that
typical merger trees fall in between minimal and maximal
trees. This result is a manifestation of the fact that major
mergers are, in fact, quite rare (e.g., Fakhouri et al. 2010).
We showed that s is not reducible to other standard
halo parameters (Figure 12) and therefore offers a useful ad-
dition to describing the history of haloes. Looking at a single
galaxy property, the stellar bulge-to-total (B/T ) mass ratio,
we found that s holds a significant amount of statistical in-
formation. In fact, for haloes of fixed mass, s holds more
information on this morphology estimator than any other
halo parameter we considered (some of which are shown in
Figure 14). This shows that most galaxies ‘care’ about a
large part of their merger history rather than just a single
(e.g., the last significant) merger/accretion event.
Having introduced a new framework for studying
merger trees, this work lends itself to various extensions:
• A natural idea is to apply s to a deeper exploration
of the galaxy-halo connection, firstly by considering a larger
range of galaxy properties and secondly by considering other
galaxy evolution models. It would be particularly interest-
ing to include modern hydrodynamic simulations, such as
EAGLE (Schaye et al. 2015) or IllustrisTNG (Nelson et al.
2019), since galactic transformations are not directly hard-
wired to mergers in such simulations.
• Likewise, s might help interpret variations in the inner
structure of haloes. We have shown that the concentration
of the density profile does not significantly correlate with
s beyond the established mass–concentration relation, likely
because s does not depend on time scales. However, it would
be natural to expect that the substructure of haloes depends
on the statistics of merger ratios and hence on s.
• The statistics of s offer a new way to compare different
combinations of halo finders and tree builders (Onions et al.
2012; Srisawat et al. 2013).
• Similarly, the statistics of s extracted from CDM sim-
ulations provides a new benchmark for analytically con-
structed merger trees (e.g., Kauffmann & White 1993; Sheth
& Lemson 1999; Somerville & Kolatt 1999; Zhang et al.
2008; Parkinson et al. 2008). By applying this benchmark
as a tuning factor, Monte-Carlo algorithms for generating
merger trees could be tested and improved.
• There is a lot of room for sharpening our understanding
of the statistics of s and its dependence on cosmology. It is
likely that this can be achieved analytically using the trans-
formation equations of Neistein et al. (2010). New insight
might also arise from studying the dependence of s on the
power spectrum of explicitly scale-free ΛCDM simulations.
• The tree entropy s could also be used to study the direct
implications of galaxy-galaxy mergers on galaxy evolution,
rather than the indirect implications of halo-halo mergers
studied in this work. To do so, s could be computed using
the stellar or stellar+cold gas mass assembly trees.
Time will tell if the tree entropy becomes a lasting con-
cept. Maybe modified definitions will turn out to be more
fruitful and/or conceptual improvements can be made. It
seems, however, likely that the considerations for a physi-
cally motivated tree parameter outlined in Section 2.2 can
offer a foundation for forthcoming research.
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APPENDIX A: DERIVATIONS
A1 Generalised entropy with equal masses
Let us consider the generalised entropy H of Equation (1),
for equal masses (xi = n
−1),
H(n) = −f
n∑
i=1
n−α lnn−1 = f n1−α lnn. (A1)
This function is visualised in Figure A1 for three values of
α. To find the maximum point let us take the derivative,
dH
dn
= fn−α [(1− α) lnn+ 1] . (A2)
This equation has one non-trivial root at n = nc, where
nc = e
1
α−1 ↔ α = 1 + 1
lnnc
. (A3)
This root corresponds to the only maximum of H(n). The
maximum value is
H(nc) =
f
e(α− 1) . (A4)
Thus, the generalised entropy H is normalised to the interval
[0, 1] by setting,
f = e(α− 1) = e
lnnc
. (A5)
In this work, we chose nc = 2 (Section 2.2.1), implying
f = e/ ln 2 ≈ 3.921652 and α = 1 + 1/ ln 2 ≈ 2.442695.
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Figure A1. Generalised entropy with n equal masses xi = n
−1,
here shown in the continuouss extension to real values n. The
parameter α = 1 + 1/ ln 2 ≈ 2.442695 produces an entropy that
peaks at n = 2 (solid line).
A2 Propagation of the tree entropy
This section elaborates on selected aspects of the entropy
propagation (Equation (4c)). We first consider the limit-
ing case, where this equation is applied to smooth accretion
made of infinitesimal elements. At each infinitesimal time-
step, the main branch of massm and entropy s, undergoes an
infinitesimal n-merger, adding a mass δm in k = (n−1) ≥ 1
elements, each bringing a mass fraction δx = δm/(km). The
entropy resulting from this event is
snew = H + w(1− 2kδx)(s−H) +O(δx2), (A6)
We can expand H = H ′δx + O(δx2) = kfδx + O(δx2) and
w = 1 + aH ′δx + O(δx2) = 1 + akfδx + O(δx2), where
H ′ = kf is the derivative of H with respect to δx at δx = 0.
Thus,
snew = s+ (af − 2)skδx+O(δx2), (A7)
and invoking δs ≡ snew − s and kδx = δm/m,
(δs/s) = (af − 2)(δm/m) +O(δm2). (A8)
In the infinitesimal limit, (ds/s) = −γ(dm/m) (condition 9
in Section 2.2.2) iff γ = 2 − af ↔ a = (2 − γ)/f . Equa-
tion (A8) is independent of the order n (and k) of the merger
(condition 5). Moreover, the evolution of snew does not de-
pend on the tree entropy of the diffuse material (2nd part of
condition 5), since the latter only appears in the δx2 term in
Equation (A6) due to the x2-terms in Equation (4c). Finally,
Equation (A8) shows that s(t) tends to zero as the smoothly
accreted mass tends to infinity (for γ > 0, condition 6).
To address condition 8 (Section 2.2.2), let us consider
a merger of n = nc haloes of identical mass (xi = n
−1
c )
and vanishing entropy. By definition H = 1 in this case and
hence Equation (4c) simplifies to
snew = 1 + wnc(0− 1)n−2c = 1− (1 + a+ b)n−1c . (A9)
The requirement that snew = β (condition 8) is thus satisfied
iff b = nc(1− β)− 1− a.
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Figure B1. The mean absolute entropy error ∆s of haloes ap-
pears to be a universal function of the relative mass resolution
M/Mcut. Arrows show the maximum resolution achievable at the
five final masses, respectively, given the halo mass resolution of
the simulation (Mmin = 4.42 · 109h−1M). In this paper we are
interested in keeping relative tree entropy errors below 10 percent
(absolute errors . 0.02), which is achieved by haloes with final
masses M ≥ 1011h−1M (> 452 particles).
APPENDIX B: NUMERICAL CONVERGENCE
B1 Mass resolution
The SURFS simulation used in this work resolves haloes
with masses above Mmin = 4.42 · 109h−1M, correspond-
ing to at least 20 particles. Therefore, only progenitors with
masses ≥ Mmin are accounted for in computing the tree
entropies. This raises the question as to how well these
entropies are numerically converged, i.e., how far do they
lie from the corresponding values in a simulation with in-
finite mass resolution (Mmin = 0)? To answer this ques-
tion, we artificially deteriorated the mass resolution by ig-
noring all progenitor haloes with masses below some thresh-
old Mcut > Mmin. For each tree, we then compute the tree
entropy error ∆s, defined as the absolute difference in s be-
tween the deteriorated tree and the full-resolution tree.
Figure B1 shows the mean tree entropy error ∆s at
z = 0, for different values of M/Mcut. Interestingly, this
function appears to be universal (solid line), irrespective of
the final mass M (different symbols in the figure). We only
plotted the symbols with Mcut > 4Mmin, since ∆s strongly
underestimates the real entropy error if Mcut gets close to
Mmin. In fact, ∆s always vanishes if Mcut = Mmin.
The universality of the function ∆s(M/Mcut) justifies
the use of this function as an approximation of the true
entropy errors for haloes of a given mass. The arrows in
Figure B1 show the mass resolution at full resolution (i.e., if
Mcut = Mmin) for final halo masses M/[h
−1M] = 1011, 2 ·
1011, 5 · 1011, 1012, 2 · 1012. Haloes of M = 1011h−1M are
predicted to produce entropy errors of about 0.02, which is
about the highest entropy error we are willing to accept in
this paper as it lies safely (an order of magnitude) below the
width of the entropy distribution (Figure 8).
We therefore chose to limit the analysis of this paper
to haloes with M ≥ 1011h−1M (> 452 particles). These
haloes have a mass resolution of M/Mmin ≥ 22.6, which
means that even in our least massive haloes (1011h−1M),
minor mergers down to at least r ≈ 0.044 are resolved.
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Figure B2. Density plot comparing a degraded tree entropy,
computed by skipping every second snapshot, against the ‘true’
tree entropy, computed using all simulation snapshots.
B2 Time resolution
As argued in Section 4.2, the time resolution of the SURFS
simulation is expected to suffice for a robust extraction of
merger trees. To verify this expectation, we artificially de-
graded the trees, by using only every second snapshot of the
simulation (i.e., 100 snapshots instead of 200) to build the
merger trees and compute the tree entropies. As shown in
Figure B2, this only marginally changes the individual en-
tropies. The error ∆s = shalf − sfull has a mean of 0.014 and
a standard deviation of 0.060; the corresponding relative er-
ror |∆s/sfull| lies below 10 percent. None of the results in
this paper are sensitive to such a small variation.
APPENDIX C: TREE ENTROPY CODE
This pseudo-code can be used to propagate the tree entropy.
// user parameters
nc = 2 // order of most destructive merger
beta = 0.75 // aggressiveness of major mergers
gamma = 1.0/3.0 // aggressiveness of smooth accretion
// derived parameters
alpha = 1/log(nc)+1
f = (alpha-1)*exp(1)
a = (2-gamma)/f
b = nc*(1-beta)-1-a
function snew(m0,mf,m,s) {
// m0 = mass of new halo (>=0)
// mf = mass at infall for satellites, 0 for mains
// m(:) = vector of all progenitor masses (>=0)
// s(:) = vector of all progenitor entropies [0...1]
// merger (also works for one progenitor w/o merger)
x = m/(sum(m)+1e-9) // normalised masses
H = -f*sum(x^alpha*log(x+1e-9)) // generalised entropy
w = 1+a*H+b*H^2 // weight
snew = H+w*sum(x^2*(s-H)) // new tree entropy
// smooth accretion (gains and losses)
if (m0>mf) {snew = min(1.0,snew*(sum(m)/m0)^gamma)}
}
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